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Abstract
Let Σ(S(·),B,−) be a Pritchard–Salamon system for (W,V ), where W and V are Hilbert spaces.
Suppose U is a Hilbert space and F ∈ L(W,U) is an admissible output operator, SBF (·) is the cor-
responding admissible perturbation C0-semigroup. We show that the C0-semigroup SBF (·) persists
norm continuity, compactness and analyticity of C0-semigroup S(·) on W and V , respectively. We
also characterize the compactness and norm continuity of ∆BF (t) = SBF (t) − S(t) for t > 0. In
particular, we unexpectedly find that ∆BF (t) is norm continuous for t > 0 on W and V if the em-
bedding from W into V is compact. Moreover, from this we give some relations between the spectral
bounds and growth bounds of SBF (·) and S(·), so we obtain some new stability results.
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1. Introduction
Let W and V be Hilbert spaces satisfying W ↪→ V (i.e., W ⊂ V and the canonical
injection W → V , x → x is continuous and dense) and that S(·) is a C0-semigroup on V
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order to indicate that we consider S(t) as a semigroup on W or V . Let H = W or V , we
use AH to denote the infinitesimal generator of C0-semigroup SH (·) on H , as usual, the
resolvent set, spectrum, spectral bound and growth bound are denoted by ρ(AH ), σ(AH ),
s(AH ) and ω(SH (·)), respectively, where ω(SH (·)) = inf{ω ∈ R; there exists M > 0 such
that ‖SH (t)‖L(H) Meωt , t  0}. Moreover, L(X,Y ) is the space of all bounded linear
operators from X to Y , and L(X) := L(X,X), for any Banach spaces X and Y .
Suppose U and Y are Hilbert spaces. An operator B ∈ L(U,V ) is called an admissible
input operator for S(t), if there is t > 0 (and also for all t > 0) and a function αB(t) > 0
such that
t∫
0
SV (t − s)Bu(s) ds ∈ W
and ∥∥∥∥∥
t∫
0
SV (t − s)Bu(s) ds
∥∥∥∥∥
W
 αB(t)
∥∥u(·)∥∥
L2(0,t;U) (1.1)
for all u ∈ L2(0, t;U).
An operator C ∈ L(W,Y ) is called an admissible output operator for S(·) with respect
to W and V , if there exist t > 0 (and also for all t > 0) and βC(t) > 0 such that∥∥CSW(·)x∥∥
L2(0,t;Y)  βC(t)‖x‖V (1.2)
for all x ∈ W .
Let B ∈ L(U,V ) and C ∈ L(W,Y ) be admissible input and output operators with re-
spect to (W,V ) for S(·), respectively. The system given by{
x(t) = S(t)x0 +
∫ t
0 S(t − τ)Bu(τ) dτ,
y(t) = Cx(t),
where x0 ∈ V , u ∈ L2(0,∞;U), is called a Pritchard–Salamon system (with respect to
(W,V )) for S(·) and is denoted by Σ(S(·),B,C).
Curtain et al. [2] established unbounded admissible perturbation theory for Pritchard–
Salamon systems; Guo et al. [4] further improved their result to:
Theorem A. (See [2,4].) Let Σ(S(·),B,C) be a Pritchard–Salamon system, F ∈ L(W,U)
be an admissible output operator and H ∈ L(Y,V ) be an admissible input operator, then
(i) There exists a unique C0-semigroup SBF (t) on W which is the unique solution of
SWBF (t)x = SW(t)x +
t∫
0
SV (t − s)BFSWBF (s)x ds, ∀x ∈ W. (1.3)
Moreover SW (t) extends to a C0-semigroup on V such thatBF
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t∫
0
S(t − s)BFSBF (s)x ds
= S(t)x +
t∫
0
SBF (t − s)BFS(s)x ds, ∀x ∈ V, t  0. (1.4)
In addition, F and H are admissible output and input operators for SBF (·), respec-
tively.
(ii) Let AWBF ,AVBF be the infinitesimal generators of SBF (t) on W and V , respectively,
then
D
(
AVBF
)= D(AV ),
D
(
AWBF
)= {x ∈ D(AVBF )∩W ; AV x +BFx ∈ W},
AVBF x =
{
AV x +BFx, F ∈ L(V ,U) or x ∈ D(AV )∩W,
AV x +BF(λI −AW)−1(λI −AV )x, else, x ∈ D
(
AVBF
)
(1.5)
and
AWBF x = AV x +BFx, x ∈ D
(
AWBF
)
,
where λ is any number with real part larger than max{ω(SW(·)), ω(SV (·)),
ω(SWBF (·)), ω(SVBF (·))}.
(iii) If F1,F2 ∈ L(W,U) are admissible output operators, then
SB(F1+F2)(·) = (SBF1)BF2(·).
Many important properties of C0-semigroups, such as analyticity, norm continuity, com-
pactness and stability are very useful. However, until now we see no literatures on such
properties of unbounded admissible perturbed semigroup for Pritchard–Salamon system.
In this paper, we will try to do some research on this subject.
In Section 2 we are concerned with the regular properties of unbounded admissible
perturbation semigroups, and find that the admissible perturbation semigroup SBF (·) on
W and V persists norm continuity, compactness, analyticity of S(·), this indicates that
admissible input and admissible output operators for Pritchard–Salamon systems only have
weak unboundedness.
In Section 3 we first study the compactness and norm continuity of ∆BF (t) = SBF (t)−
S(t) for t > 0. We show that if W ↪→ V is compact, then ∆BF (t) is norm continuous for
t > 0. In addition, we clarify the relations between the growth bounds, spectral bounds and
critical growth bounds of the two semigroups SBF (·) and S(·) by using the norm continuity
of ∆BF (t), and we also give some new results on exponential stability.
2. Norm continuity, compactness and analyticity
Suppose that W and V are Hilbert spaces, W ↪→ V , Σ(S(·),B,C) is a Pritchard–
Salamon system. Without loss of generality, we suppose that the admissible function of
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ties of S(·) still persist under admissible perturbations.
Theorem 2.1. Let Σ(S(·),B,C) be a Pritchard–Salamon system, F ∈ L(W,U) be an
admissible output operator for S(t).
(i) If S(t) is norm continuous on W for t > 0, then so is SBF (t).
(ii) If S(t) is norm continuous on V for t > 0, then so is SBF (t).
Proof. (i) Fix T > 0, and let 0 < 2t  T . Choose h ∈ R, such that 0 < |h| < δ < t2 , where
δ will be determined in the sequel. Let x ∈ W , then
SBF (t + h)x − SBF (t)x
= S(t + h)x − S(t)x +
t+h∫
0
S(t + h− s)BFSBF (s)x ds
−
t∫
0
S(t − s)BFSBF (s)x ds
= S(t + h)x − S(t)x +
δ+h∫
0
S(t + h− s)BFSBF (s)x ds
+
t+h∫
δ+h
S(t + h− s)BFSBF (s)x ds −
t∫
0
S(t − s)BFSBF (s)x ds
= S(t + h)x − S(t)x +
δ+h∫
0
S(t + h− s)BFSBF (s)x ds
−
δ∫
0
S(t − s)BFSBF (s)x ds +
t∫
δ
S(t − s)BF (SBF (s + h)x − SBF (s)x)ds.
(2.1)
If ω > max{0,ω(SW (·)),ω(SWBF (·))}, then there exists a constant M > 0 such that
‖SW(t)‖ + ‖SWBF (t)‖Meωt , t  0. So for |h| < δ, we have∥∥∥∥∥
δ+h∫
0
S(t + h− s)BFSBF (s)x ds
∥∥∥∥∥
W
=
∥∥∥∥∥S(t − δ)
δ+h∫
S(δ + h− s)BFSBF (s)x ds
∥∥∥∥∥
W0
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∥∥∥∥∥
δ+h∫
0
S(δ + h− s)BFSBF (s)x ds
∥∥∥∥∥
W
MeωT αB(δ + h)
{ δ+h∫
0
∥∥FSBF (s)x∥∥2U ds
} 1
2
MeωT αB(T )‖F‖L(W,U)
{ 2δ∫
0
∥∥SBF (s)x∥∥2W ds
} 1
2
MαB(T )‖F‖L(W,U)eωT
{ 2δ∫
0
M2e2ωs‖x‖2W ds
} 1
2
= M2αB(T )‖F‖L(W,U)eωT
(
e4ωδ − 1
2ω
) 1
2 ‖x‖W . (2.2)
Similarly, for x ∈ W ,∥∥∥∥∥
δ∫
0
S(t − s)BFSBF (s)x ds
∥∥∥∥∥
W
=
∥∥∥∥∥S(t − δ)
δ∫
0
S(δ − s)BFSBF (s)x ds
∥∥∥∥∥
W
Meω(t−δ)αB(δ)
{ δ∫
0
∥∥FSBF (s)x∥∥2U ds
} 1
2
M2eωT αB(T )‖F‖L(W,U)
{ δ∫
0
e2ωs ds
} 1
2
‖x‖W
= M2eωT αB(T )‖F‖L(W,U)
(
e2ωδ − 1
2ω
) 1
2 ‖x‖W . (2.3)
By (2.2) and (2.3), for any ε > 0, let η = 2− 12 e−αB(T )2‖F‖2T ε, then there exists δ ∈ (0, t2 )
such that, when |h| < δ,∥∥∥∥∥
δ+h∫
0
S(t + h− s)BFSBF (s)x ds −
δ∫
0
S(t − s)BFSBF (s)x ds
∥∥∥∥∥
W
<
η
2
‖x‖W . (2.4)
Since S(t) is norm continuous on the interval [δ, T ], there exists 0 < ρ1 < δ such that
‖S(t + h) − S(t)‖L(W) < η2 , |h| < ρ1, for any t ∈ [δ, T ]. Hence for t ∈ [δ, T ], when |h| <
ρ1, by (2.1), we get
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 η‖x‖W +
∥∥∥∥∥
t∫
δ
S(t − s)BF (SBF (s + h)x − SBF (s)x)ds
∥∥∥∥∥
W
 η‖x‖W + αB(t)
{ t∫
0
∥∥u(s)∥∥2
U
ds
} 1
2
,
where
u(s) =
{
F(SBF (s + h)x − SBF (s)x), s ∈ [δ, t],
0, s ∈ [0, δ).
From which we know∥∥SBF (t + h)x − SBF (t)x∥∥W
 η‖x‖W + αB(T )‖F‖L(W,U)
{ t∫
δ
∥∥SBF (s + h)x − SBF (s)x∥∥2W ds
} 1
2
,
which in turn implies that∥∥SBF (t + h)x − SBF (t)x∥∥2W
 2η2‖x‖2W + 2α2B(T )‖F‖2L(W,U)
t∫
δ
∥∥SBF (s + h)x − SBF (s)x∥∥2W ds,
t ∈ [δ, T ] and |h| < δ. Using Gronwall’s inequality, we get∥∥SBF (t + h)x − SBF (t)x∥∥2W  2η2‖x‖2We2α2B(T )‖F‖2(t−δ), t ∈ [δ, T ],
and hence∥∥SBF (t + h)x − SBF (t)x∥∥W √2ηeα2B(T )‖F‖2T ‖x‖W  ε‖x‖W
for t ∈ [δ, T ], |h| < ρ1, x ∈ W .
It thus follows that SBF (t) is norm continuous for t > 0 on W .
(ii) If S(t) is norm continuous for t > 0 on V , then its dual semigroup S′(t) is norm
continuous for t > 0 on V ′. Note that Σ(S′(·),F ′,B ′) is a Pritchard–Salamon system with
respect to (V ′,W ′), by (i) we know that S′
F ′B ′(t) is norm continuous for t > 0 on V
′
. By
taking the duality we obtain that SBF (t) is norm continuous for t > 0 on V . 
Theorem 2.2. Let Σ(S(·),B,C) be a Pritchard–Salamon system, F ∈ L(W,U) be an
admissible output operator for this system.
(i) If S(t) is compact for t > 0 on W , then SBF (t) is compact for t > 0 on W .
(ii) If S(t) is compact for t > 0 on V , then SBF (t) is compact for t > 0 on V .
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continuous for t > 0 and (λI − AW)−1 is compact for λ ∈ ρ(AW). From Theo-
rem 2.1(i), we know that SBF (t) is norm continuous for t > 0 on W . Since B is also
admissible for SBF (t) and (W,V ), by [2, Lemma 2.12], (λI − AVBF )−1B ∈ L(U,W),
λ ∈ Cλ0 = {λ; Reλ > λ0}, where λ0 > max{ω(SW (·)),ω(SV (·)),ω(SWBF (·)),ω(SVBF (·))}.
Pick λ ∈ Cλ0 , then λ ∈ ρ(AW)∩ρ(AV )∩ρ(AVBF )∩ρ(AWBF ). So (λI −AW)−1 is compact,
and since F ∈ L(W,U), F(λI −AW)−1 ∈ L(W,U) is also compact. Moreover, from (1.3)
and (1.4), we have
SWBF (t)x = SW (t)x +
t∫
0
SVBF (t − s)BFSW (s)x ds, x ∈ W,
it is easy to show that(
λI −AWBF
)−1 = (λI −AW −BF )−1
= (λI −AW )−1 + (λI −AVBF )−1BF (λI −AW )−1, λ ∈ Cλ0 .
(2.5)
Therefore, (λI − AWBF )−1 is compact for λ ∈ Cλ0 . So it is compact for λ ∈ ρ(AWBF ). By
using [7, Theorem 2.3.3] again we obtain SBF (t) is compact for t > 0 on W .
(ii) The proof is similar to that of Theorem 2.1, we omit it. 
Theorem 2.3. Let Σ(S(·),B,C) be a Pritchard–Salamon system, F ∈ L(W,U) be an
admissible output operator.
(i) If S(·) is analytic on W , then the same is true for SBF (·).
(ii) If S(·) is analytic on V , then the same is true for SBF (·).
Proof. Let σ0 > max{ω(SW(·)),ω(SV (·)),ω(SWBF (·)),ω(SVBF (·))}. Since S(·) is analytic
on W , by [7, Theorem 2.5.2], there exists a constant C > 0 such that∥∥(σ + iτ −AW )−1∥∥L(W)  C|τ | , τ ∈ R, τ = 0; σ > σ0. (2.6)
By [2, Lemma 2.12], (λI − AVBF )−1B ∈ L(U,W). Combining this with the boundedness
of F , we obtain (λI −AVBF )−1BF ∈ L(W) and∥∥(σ + iτ −AVBF )−1BF∥∥L(W)  Mσ0√σ − σ0 , σ > σ0, (2.7)
where Mσ0 is a constant. Moreover, from (2.5), we have(
σ + iτ −AWBF
)−1 = (σ + iτ −AW )−1
+ (σ + iτ −AVBF )−1BF (σ + iτ −AW )−1, σ > σ0, τ ∈ R.
(2.8)
Therefore, combining (2.6)–(2.8), we get
184 X. Gu, F. Huang / J. Math. Anal. Appl. 317 (2006) 177–191∥∥(σ + iτ −AWBF )−1∥∥L(W)  C|τ | + Mσ0√σ0 C|τ | =
(
1 + Mσ0√
σ0
)
C
|τ | ,
σ > 2σ0, τ ∈ R, τ = 0. (2.9)
By using [7, Theorem 2.5.2] again, we know that e−2σ0t SWBF (t) is a uniformly bounded
analytic semigroup on W ; and so SWBF (t) is analytic.
(ii) Suppose that S(·) is analytic on V , similarly as (2.6), there exists C > 0 such that∥∥(σ + iτ −AV )−1∥∥L(V )  C|τ | , τ ∈ R, τ = 0; σ > σ0. (2.10)
Then from the admissibility of F and by [2, Lemma 2.12], we know that for σ > σ0, F(σ +
iτ − AW)−1 has a unique bounded extension F(σ + iτ −AW)−1 ∈ L(V ,U). Notice that
B ∈ L(U,V ), we obtain BF(σ + iτ −AW)−1 ∈ L(V ) and there exists a constant Mσ0
such that∥∥BF (σ + iτ −AW )−1∥∥L(V )  Mσ0√σ − σ0 , σ > σ0; τ ∈ R, τ = 0. (2.11)
If σ > σ0 + 4M2σ0 , then Mσ0(σ − σ0)−
1
2 < 12 , so (I − BF(σ + iτ −AW)−1)−1 ∈ L(V )
and ‖(I −BF(σ + iτ −AW)−1)−1‖ 2. Furthermore, by (1.5) it is easy to show that(
σ + iτ −AVBF
)−1 = (σ + iτ −AV )−1[I −BF (σ + iτ −AW )−1]−1,
σ > σ0 + 4M2σ0, τ = 0. (2.12)
From (2.10)–(2.12) we obtain∥∥(σ + iτ −AVBF )−1∥∥L(V )

∥∥(σ + iτ −AV )−1∥∥L(V )∥∥[I −BF (σ + iτ −AW )−1]−1∥∥
 2C|τ | , σ > σ0 + 4M
2
σ0; τ = 0.
Thus an argument similar to the proof of (i) yields that SVBF (·) is analytic on V . 
3. Some spectral relations and stability
Assume αB(t) and βC(t) are monotonically increasing for t > 0. Let Σ(S(·),B,C) be
a Pritchard–Salamon system, F ∈ L(W,U) be an admissible output operator, SBF (·) be
the perturbed C0-semigroup with perturbation operator BF . Denote by
∆BF (t) = SBF (t)− S(t), t  0. (3.1)
In this section, we will establish some relations between the spectrum and stability of two
C0-semigroups SBF (·) and S(·), by using the properties of ∆BF (t) and critical spectrum.
First we investigate the properties of ∆BF (t).
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missible output operator, then
(i) ‖∆BF (t)‖L(W) → 0, as t → 0,
(ii) ‖∆BF (t)‖L(V ) → 0, as t → 0.
Proof. We only need to show (i), since (ii) can be obtained from (i) just by taking the
duality. Suppose that ‖SWBF (t)‖L(W) Meωt , t  0, where ω > max{0,ω(SWBF (·))}. For
x ∈ W , 0 < t < 1, by (1.3), we have∥∥∆BF (t)x∥∥W = ∥∥SBF (t)x − S(t)x∥∥W
=
∥∥∥∥∥
t∫
0
S(t − s)BFSBF (s)x ds
∥∥∥∥∥
W
 αB(t)
{ t∫
0
∥∥FSBF (s)x∥∥2U ds
} 1
2
 αB(1)‖F‖
{ t∫
0
∥∥SBF (s)x∥∥2W ds
} 1
2
 αB(1)‖F‖M
{ t∫
0
e2ωs ds
} 1
2
‖x‖W .
This yields (i). 
Combining Lemma 3.1 with [5, Theorem 2.3 and Proposition 2.7], we have the follow-
ing theorem.
Theorem 3.2. Let Σ(S(·),B,C) be a Pritchard–Salamon system, F ∈ L(W,U) be an
admissible output operator, then ∆BF (t) is compact for t > 0 on Hilbert space H if and
only if ∆BF (t) is norm continuous for t > 0 on H and (λI − AHBF )−1 − (λI − AH)−1 is
compact for λ ∈ ρ(AH )∩ ρ(AHBF ) on H , where H = W or V .
Remark. The compactness of ∆BF (t) is very useful, since this implies that SBF (t) and
S(t) have the same essential spectrum on the corresponding space. Recently M. Li et al. in
[5] characterized the norm continuity of the difference of any two C0-semigroups, ∆(t) =
T1(t) − T2(t), via the resolvents of the generators. In this paper we establish the norm
continuity of ∆BF (t) under the assumption that the embedding from W into V is compact.
Theorem 3.3. Let Σ(S(·),B,C) be a Pritchard–Salamon system, F ∈ L(W,U) be an
admissible output operator. If W ↪→ V is compact, then ∆HBF (t) is norm continuous for
t > 0 on H , where H = W or V .
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max{0,ω(SVBF (·)),ω(SWBF (·))}, M > 0 such that ‖S(t)‖L(W) Meω0t , ‖SBF (t)‖L(V ) +‖SBF (t)‖L(W) Meω0t . Suppose t > 0, 0 |h| < δ < t2 and x ∈ W , by (1.3) we get
∆BF (t + h)x −∆BF (t)x
=
t+h∫
0
S(t + h− s)BFSBF (s)x ds −
t∫
0
S(t − s)BFSBF (s)x ds
=
δ∫
0
S(t + h− s)BFSBF (s)x ds +
t∫
δ−h
S(t − s)BFSBF (s + h)x ds
−
t∫
0
S(t − s)BFSBF (s)x ds
=
δ∫
0
S(t + h− s)BFSBF (s)x ds −
δ−h∫
0
S(t − s)BFSBF (s)x ds
+
t∫
δ−h
S(t − s)BF (SBF (s + h)x − SBF (s)x)ds. (3.2)
Now we estimate the first term of the right side of (3.2) as follows:∥∥∥∥∥
δ∫
0
S(t + h− s)BFSBF (s)x ds
∥∥∥∥∥
W
=
∥∥∥∥∥SW(t + h− δ)
δ∫
0
S(δ − s)BFSBF (s)x ds
∥∥∥∥∥
W
Meω0(t+h−δ)
∥∥∥∥∥
δ∫
0
S(δ − s)BFSBF (s)x ds
∥∥∥∥∥
W
Meω0t αB(δ)
{ δ∫
0
∥∥FSBF (s)x ds∥∥2U ds
} 1
2
M2eω0t αB(t)‖F‖
{ δ∫
0
e2ω0s ds
} 1
2
‖x‖W
= M2eω0t αB(t)‖F‖
{
e2ω0δ − 1} 12 ‖x‖W . (3.3)2ω0
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δ−h∫
0
S(t − s)BFSBF (s)x ds
∥∥∥∥∥
W
=
∥∥∥∥∥SW(t − δ + h)
δ−h∫
0
S(δ − h− s)BFSBF (s)x ds
∥∥∥∥∥
Meω0(t−δ+h)αB(δ − h)‖F‖
{ δ−h∫
0
M2e2ω0s ds
} 1
2
‖x‖W
M2eω0t αB(t)‖F‖
(
e4ω0δ − 1
2ω0
) 1
2 ‖x‖W . (3.4)
Moreover, we have∥∥∥∥∥
t∫
δ−h
S(t − s)BF (SBF (s + h)x − SBF (s)x)ds
∥∥∥∥∥
W
=
∥∥∥∥∥
t∫
δ−h
S(t − s)BFSBF (s − δ + h)
(
SBF (δ)x − SBF (δ − h)x
)
ds
∥∥∥∥∥
W
=
∥∥∥∥∥
t−δ+h∫
0
S(t − δ + h− s)BFSBF (s)
(
SBF (δ)x − SBF (δ − h)x
)
ds
∥∥∥∥∥
W
 αB(t − δ + h)
{ t−δ+h∫
0
∥∥FSBF (s)(SBF (δ)x − SBF (δ − h)x)∥∥2U ds
} 1
2
 αB(t − δ + h)βBF (t − δ + h)
∥∥SBF (δ)x − SBF (δ − h)x∥∥V
 αB(t)βBF (t)
∥∥SBF (δ)x − SBF (δ − h)x∥∥V (3.5)
for x ∈ W , 0 < |h| < δ < t2 . By (3.3) and (3.4), for any ε > 0, there exists δ1 = δ1(ε) ∈
(0, t2 ), such that∥∥∥∥∥
δ∫
0
S(t + h− s)BFSBF (s)x ds
∥∥∥∥∥
W
+
∥∥∥∥∥
δ−h∫
0
S(t − s)BFSBF (s)x ds
∥∥∥∥∥
W
<
ε
2
(3.6)
for x ∈ T1 = {x ∈ W ; ‖x‖W  1} and 0  |h| < δ < δ1. Moreover, since W ↪→ V is
compact, the unit ball of W is a precompact set on V , for η = [αB(t)βF (t)(2Meω0t +
1)]−1 ε , there exists a finite set {x1, x2, . . . , xn} ⊂ T1 such that there exists xj satisfying2
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exists a δ2 ∈ (0, t2 ) such that∥∥SBF (δ)xj − xj∥∥V + ∥∥SBF (δ − h)xj − xj∥∥V < η, 1 j  n,
for any 0 |h| < δ < δ2. Thus, for 0 |h| < δ < δ2 and x ∈ T1,
αB(t)βF (t)
∥∥SBF (δ)x − SBF (δ − h)x∥∥V
 αB(t)βF (t)
[∥∥(SBF (δ)− SBF (δ − h))(x − xj )∥∥V
+ ∥∥SBF (δ)xj − xj∥∥V + ∥∥xj − SBF (δ − h)xj∥∥V ]
 αB(t)βF (t)
[
2Meω0t‖x − xj‖V + η
]
 αB(t)βF (t)
(
2Meω0t + 1)η
= ε
2
. (3.7)
Take δε = min{δ1, δ2}, for 0 |h| < δε , x ∈ T1, by (3.2), (3.6) and (3.7), we have∥∥∆BF (t + h)x −∆BF (t)x∥∥W < ε.
This completes the proof. 
The norm continuity of the difference of the two C0-semigroups is also useful, since this
implies that the two C0-semigroups have the same critical spectrum which will be pointed
out in the following.
Suppose H = W or V , S(·) is a C0-semigroup on H with generator A = AH . Let
Ĥ = l∞(H) be a Banach space of all bounded sequences in H , endowed with the sup-
norm, consider the semigroup Ŝ(·) given by
Ŝ(t)xˆ = {S(t)xn}n∈N, xˆ = {xn}n∈N.
Define the strongly continuous space of Ŝ(t)
ĤS(·) =
{
xˆ ∈ Ĥ ; lim
h→0
∥∥Ŝ(h)xˆ − xˆ∥∥
Ĥ
= 0}.
It is easy to verify that the subspace ĤS(·) is closed and Ŝ(·)-invariant. On the quotient
space H˜ = Ĥ /ĤS(·) we define the semigroup S˜(t) by
S˜(t)x˜ := Ŝ(t)xˆ + ĤS(·), x˜ = xˆ + ĤS(·).
By the concept of [1,6], the critical spectrum of S(t) is equal to the spectrum of S˜(t), i.e.,
σcrit
(
S(·))= σ (S˜(·)).
In addition, the critical spectrum radius is defined by
rcrit
(
S(·))= r(S˜(·)),
and its critical growth bound is
ωcrit
(
S(·))= ω(S˜(·)).
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σ
(
S(t)
) \ {0} = etσ (A) ∪ σcrit(S(t)) \ {0}, (3.8)
and
ω
(
S(·))= max{s(AH ),ωcrit(S(·))}. (3.9)
For the details we refer to [1,6]. In the sequel we denote
∆HBF (t)x =
t∫
0
SV (t − s)BFSHBF (s)x ds, x ∈ H,
where H = W or V .
Theorem 3.4. Suppose Σ(S(·),B,C) is a Pritchard–Salamon system, F ∈ L(W,U) is an
admissible output operator for S(t) and (W,V ). If ∆HBF (t) is norm continuous for t > 0
on H , then the growth bound of SHBF (·)
ω
(
SHBF (·)
)= max{s(AHBF ),ωcrit(SH (·))},
where H = W or V .
Proof. We only need to prove that in the case H = W , for H = V just by the duality
argument. Suppose that ‖SWBF (t)‖ Meωt , t  0, ω > max{0,ω(SWBF )}. Fix t  0, for
0 < h 1, x ∈ W , by (1.3)
SW(h)∆WBF (t)x −∆WBF (t + h)x
= SW(h)
t∫
0
SV (t − s)BFSWBF (s)x ds −
t+h∫
0
SV (t + h− s)BFSWBF (s)x ds
= SW(h)
t∫
0
SV (t − s)BFSWBF (s)x ds − SW (h)
t∫
0
SV (t − s)BFSWBF (s)x ds
−
t+h∫
t
SV (t + h− s)BFSWBF (s)x ds
= SW(h)
t∫
0
SV (t − s)BFSWBF (s)x ds − SW (h)
t∫
0
SV (t − s)BFSWBF (s)x ds
−
h∫
0
SV (h− s)BFSWBF (s)SWBF (t)x ds
= −
h∫
SV (h− s)BFSWBF (s)SWBF (t)x ds.0
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 αB(h)
{ h∫
0
∥∥FSWBF (s)SWBF (t)x∥∥2U ds
} 1
2
 αB(1)‖F‖L(W,U)
{ h∫
0
∥∥SWBF (s + t)x∥∥2W ds
} 1
2
 αB(1)‖F‖L(W,U)
{ h∫
0
M2e2ω(t+s) ds
} 1
2
‖x‖W
= αB(1)‖F‖L(W,U)Meωt
(
e2ωh − 1
2ω
) 1
2 ‖x‖W,
which gives that
lim
h→0
∥∥SW(h)∆WBF (t)−∆WBF (t + h)∥∥L(W) = 0, t  0. (3.10)
Also by our assumptions and Lemma 3.1, we have
lim
h→0
∥∥∆WBF (t + h)−∆WBF (t)∥∥L(W) = 0, t  0. (3.11)
Combining (3.10) with (3.11) yields
lim
h→0
∥∥SW(h)∆WBF (t)−∆WBF (t)∥∥L(W) = 0, t  0. (3.12)
From Lemma 3.1, it holds that
lim
h→0
∥∥∆WBF (h)∥∥L(W) = 0. (3.13)
Therefore, since SWBF (h) = ∆WBF (h)+ SW(h), we obtain
ŴSW (·) = ŴSWBF (·). (3.14)
Moreover, from (3.12) and (3.14), it follows that ∆̂WBF (t) maps Ŵ into ŴSW (·) = ŴSWBF (·).
Hence, for any t  0, we have ∆˜WBF (t) = 0. It thus follows that
S˜WBF (·) = S˜W (·), ωcrit
(
SWBF (·)
)= ωcrit(SW(·)). (3.15)
Thus, by (3.9), we know
ω
(
SWBF (·)
)= max{s(AWBF ),ωcrit(SW(·))}. 
By applying the spectral mapping theorems (see [3]), Theorems 3.4 and 2.1, we have
the following theorem.
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H = W or V . The following statements hold true:
(i) If S(t) is norm continuous for t > 0, then SBF (t) is exponentially stable if and only if
s(AHBF ) = sup{Reλ; λ ∈ σ(AHBF )} < 0.
(ii) If ∆BF (t) = SBF (t)−S(t) is norm continuous for t > 0, then SBF (t) is exponentially
stable on H if and only if s(AHBF ) < 0 and ωcrit(SH (·)) < 0.
(iii) If S(t) is exponentially stable on H and ∆BF (t) is norm continuous for t > 0, then
SBF (t) is exponentially stable on H if and only if s(AHBF ) < 0.
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